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Highly expressive GNNs becomes a hot topic: 
• Node Identifier, Random Feature (Subgraph counts, RNI, LE)
• Subgraph-Enhanced GNNs (GNN-AK, NestedGNN, ESAN, …)
• Higher Order GNNs (PPGN, K-IGN, K-GNN , TokenGT …)
• Others (random-walk, individualization, drop node, … )

Should we chase expressivity?
How to study the impact of expressivity systematically?

We need a practical, progressively expressive GNN!

A Practical, Progressively-Expressive GNN

Overview

Contribution: a highly expressive GNN with desired properties:  
• Practical - Scales significantly better than k-WL 
• Theoretically Powerful - Retains theoretical connection to k-WL 
• Progressively Expressive - Fine-grained “ruler” of expressivity 
• New SOTA – Achieves SOTA on ZINC 
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Paper here! 

Background: k-WL
1-WL:

k-WL: (k=2)
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one k-tuple's "neighbors"

Impractical for k>3! 𝐎 𝒌𝒏𝒌"𝟏 𝐟𝐨𝐫 𝟏 𝐬𝐭𝐞𝐩

From tuples to multisets

From multisets to sets

From full sets to restricted sets

K-bipartite super-graph 

↓ super-nodes

↓ super-edges

↓ super-edgesRemove ordering information 
• # Super-nodes: 𝑛! → "#!$%

! ratio≈ k!  

• # Super-edges: 𝑘𝑛!#% →≈ 𝑛& "#!$'
!$%

Thm. 1: Upper-bounded by k-WL

Thm. 2: No less powerful than (k-1)-WL

Thm. 3: Same power as doubly bijective k-pebble game

Remove repetitions
• # Super-nodes: "#!$%! → ∑()%! "

(

• # Super-edges: 𝑛& "#!$'
!$% → ∑()&! 𝑖 "

(

Thm. 4: Upper-bounded by k-MultisetWL

↓ super-nodes ↓ super-edges

• Super-nodes: m-sets with 1≤m≤k
• For each m-set, its neighbors include:

- (m-1)-sets                - (m+1)-sets                - m-sets
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3-Bipartite Super-graph
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k-Bipartite GNN on
Super-graph

Final Model: (k,c)(≤)-SetGNN*

• Only include sets whose induced subgraph 
having ≤c connected components 

• Greatly reduced super-nodes&-edges for sparse graph 

↓ super-nodes
↓ super-edges

Thm. 5: Progressively
Expressive with ↑k and ↑c

• Introduced bidirectional parallel 
propagation on super-graph

• Connections from m-sets
to m-sets can be safely ignored.

Experiments

• Phase 1 - “Color” Initialization: encoding isomorphism type with a BaseGNN

ZINC-12k

QM 9

Substructure Count

• Phase 2 - Bidirectional Sequential Message Passing on k-bipartite Super-graph
Sequential 
Backward
Sequential 

Forward

Thm. 7: t-layer Sequential MP is more expressive than t-layer Parallel MP 
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Parallel Backward Propagation

Parallel Forward Propagation


